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Abstrat
We determine the lower entral series and orresponding residual properties
for braid groups and pure braid groups of orientable surfaes.
1 Introdution
Surfae braid groups are a natural generalisation of the lassial braid groups (or-
responding to the ase where Σ is a dis) and of fundamental groups of surfaes
(orresponding to the ase n = 1). They were rst dened by Zariski during the
2000 AMS Mathematis Subjet Classiation: 20F14, 20F36, 57M.
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1930's (braid groups on the sphere had been onsidered earlier by Hurwitz), were
re-disovered by Fox during the 1960's, and were used subsequently in the study of
mapping lass groups.
We reall two denitions of surfae braid groups. In Setion 5.2, we shall give a
third equivalent denition using mapping lass groups.
Surfae braid groups via onguration spae. Let Σ be a onneted, ori-
entable surfae. Let Fn(Σ) = Σ
n \ ∆, where ∆ is the fat diagonal, i.e. the set of
n-tuples x = (x1, . . . , xn) for whih xi = xj for some i 6= j. The fundamental group
π1(Fn(Σ)) is alled the pure braid group on n strands of the surfae Σ; it shall be
denoted by Pn(Σ). There is a natural ation of the symmetri group Sn on Fn(Σ) by
permutation of oordinates. We denote by F̂n(Σ) the quotient spae Fn(Σ)/Sn. The
fundamental group π1(F̂n(Σ)) is alled the braid group on n strands of the surfae
Σ; it shall be denoted by Bn(Σ).
Surfae braid groups as equivalene lasses of geometri braids. Let P =
{p1, . . . , pn} be a set of n distint points (puntures) in the interior of Σ. A ge-
ometri braid on Σ based at P is a olletion (ψ1, . . . , ψn) of n disjoint paths
(alled strands) on Σ× [0, 1] whih run monotonially with t ∈ [0, 1] and suh that
ψi(0) = (pi, 0) and ψi(1) ∈ P × {1}. Two braids are onsidered to be equivalent
if they are isotopi. The usual produt of paths denes a group struture on the
equivalene lasses of braids. This group, whih is isomorphi to Bn(Σ), does not
depend on the hoie of P. A braid is said to be pure if ψi(1) = (pi, 1) for all
i = 1, . . . , n. The set of pure braids form a group isomorphi to Pn(Σ).
Given a group G, we dene the lower entral series of G indutively as follows:
set Γ1(G) = G, and for i ≥ 2, dene Γi(G) = [G,Γi−1(G)]. The group G is said to
be perfet if G = Γ2(G). From the lower entral series of G one an dene another
ltration D1(G) ⊇ D2(G) ⊇ · · · by setting D1(G) = G, and for i ≥ 2, dening
Di(G) = { x ∈ G | xn ∈ Γi(G) for some n ∈ N∗ }. Following Garoufalidis and Levine
[GLe℄, this ltration is alled the rational lower entral series of G.
Following P. Hall, for any group-theoreti property P, a group G is said to be
residually P if for any (non-trivial) element x ∈ G, there exists a group H with the
property P and a surjetive homomorphism ϕ : G −→ H suh that ϕ(x) 6= 1. It is
well known that a group G is residually nilpotent if and only if
⋂
i≥1 Γi(G) = {1}.
On the other hand, a group G is residually torsion-free nilpotent if and only if⋂
i≥1Di(G) = {1}.
This paper deals with ombinatorial properties of surfae braid groups, in par-
tiular, their lower entral series, and their related residual properties. In the ase
of the dis D2 we have that Bn(D
2) is residually nilpotent if and only if n ≤ 2, and
2
if n ≥ 3 then Γ3(Bn(D2)) = Γ2(Bn(D2)) (see Proposition 4). Moreover, Gorin and
Lin [GL℄ showed that Γ2(Bn(D
2)) is perfet for n ≥ 5.
The ase of the sphere S2 and the puntured sphere has been studied by one of
the authors and D. Gonçalves [GG2℄: in partiular Bn(S
2) is residually nilpotent if
and only if n ≤ 2 and for all n ≥ 3, Γ3(Bn(S2)) = Γ2(Bn(S2)).
Our main results, whih onern orientable surfaes of genus at least one, are as
follows.
Theorem 1 Let Σg be a ompat, onneted orientable surfae without boundary,
of genus g ≥ 1, and let n ≥ 3. Then:
(a) Γ1(Bn(Σg))/Γ2(Bn(Σg)) ∼= Z2g ⊕ Z2.
(b) Γ2(Bn(Σg))/Γ3(Bn(Σg)) ∼= Zn−1+g.
() Γ3(Bn(Σg)) = Γ4(Bn(Σg)). Moreover Γ3(Bn(Σg)) is perfet for n ≥ 5.
(d) Bn(Σg) is not residually nilpotent.
This implies that braid groups of ompat, onneted orientable surfaes without
boundary may be distinguished by their lower entral series (indeed by the rst two
lower entral quotients).
Theorem 2 Let g ≥ 1, m ≥ 1 and n ≥ 3. Let Σg,m be a ompat, onneted
orientable surfae of genus g with m boundary omponents. Then:
(a) Γ1(Bn(Σg,m))/Γ2(Bn(Σg,m)) = Z
2g+m−1 ⊕ Z2.
(b) Γ2(Bn(Σg,m))/Γ3(Bn(Σg,m)) = Z.
() Γ3(Bn(Σg,m)) = Γ4(Bn(Σg,m)). Moreover Γ3(Bn(Σg,m)) is perfet for n ≥ 5.
(d) Bn(Σg,m) is not residually nilpotent.
Braid groups on 2 strands represent a very diult and interesting ase. In the
ase of the torus, we are able to prove that its 2-strand braid group is residually
nilpotent. Further, using ideas from [GG2℄ and results of [Ga℄, we may show that
apart from the rst term, the lower entral series of B2(T
2) and Z2∗Z2∗Z2 oinide,
and we may also determine all of their suessive lower entral quotients. More
preisely:
Theorem 3
(a) B2(T
2) is residually nilpotent.
(b) For all i ≥ 2:
(i) Γi(B2(T
2)) ∼= Γi(Z2 ∗ Z2 ∗ Z2).
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(ii) Γi(B2(T
2))/Γi+1(B2(T
2)) is isomorphi to the diret sum of Ri opies of Z2,
where:
Ri =
i−2∑
j=1
∑
k|i−j
k>1
µ
(
i− j
k
)
kαk
i− j
 and kαk = 2k + 2(−1)k.
() B2(T
2) is not residually torsion-free nilpotent.
Finally, as we shall see in Proposition 14, B2(T
2) is not bi-orderable (see Setion 2
for a denition).
In Setion 5, we reall the relations between mapping lass groups and surfae
braid groups, and prove that pure braid groups of the torus and of surfaes with
boundary omponents are residually torsion-free nilpotent. This is ahieved by
showing that they may be realised as subgroups of the Torelli group of a surfae
of higher genus (Lemma 19), whih is known to be residually torsion-free nilpotent
(see for instane [H℄). We note that the embedding proposed in Lemma 19 does not
hold when the surfae is without boundary (see Remark 20).
Aknowledgements The authors are grateful to I. Marin for pointing out the
relevane of the notion of residual torsion-free nilpotene, to V. Bardakov for useful
suggestions, and to L. Paris for the referene [H℄.
2 Lower entral series for Artin-Tits groups
Let us start by realling some standard results on ombinatorial properties of braid
groups. The following result is well known (see [GL℄ for instane).
Proposition 4 Let Bn be the Artin braid group on n ≥ 3 strands.
Then Γ1(Bn)/Γ2(Bn) ∼= Z and Γ2(Bn) = Γ3(Bn).
Proof. Let us give an easy proof of the seond statement (we use an argument
of [GG2℄). Let {σ1, . . . , σn−1} be the usual set of generators of Bn; the lassial
relations of Bn, referred to hereafter as braid relations, are as follows:
σiσj = σjσi, for all 1 ≤ i, j ≤ n− 1 and |i− j| ≥ 2, (1)
σiσi+1σi = σi+1σiσi+1 for all 1 ≤ i ≤ n− 2. (2)
From this, we see that Bn/Γ2(Bn) is isomorphi to Z.
Consider the following short exat sequene:
1 −→
Γ2(Bn)
Γ3(Bn)
−→
Bn
Γ3(Bn)
p
−→
Bn
Γ2(Bn)
−→ 1,
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Sine all of the σi ∈ Bn/Γ3(Bn) projet to the same element of Bn/Γ2(Bn), for
eah 1 ≤ i ≤ n − 1, there exists ti ∈ Γ2(Bn)/Γ3(Bn) (with t1 = 1) suh that σi =
tiσ1. Projeting the braid relation (2) into Bn/Γ3(Bn), we see that tiσ1ti+1σ1tiσ1 =
ti+1σ1tiσ1ti+1σ1. But the ti are entral in Bn/Γ3(Bn), so ti = ti+1, and sine t1 =
1, we obtain σ1 = . . . = σn−1. So the surjetive homomorphism p is in fat an
isomorphism.
We reall that lassial braid groups are also alled Artin-Tits groups of type A.
More preisely, let (W,S) be a Coxeter system and let us denote by ms, t the order
of the element st in W (for s, t ∈ S). Let BW be the group dened by the following
group presentation:
BW = 〈S | st · · ·︸ ︷︷ ︸
ms, t
= ts · · ·︸ ︷︷ ︸
ms, t
for any s 6= t ∈ S with ms, t < +∞〉
The group BW is the Artin-Tits group assoiated toW . The group BW is said to be
of spherial type if W is nite. The kernel of the anonial projetion of BW onto
W is alled the pure Artin-Tits group assoiated to W .
Proposition 5 Let BW be an Artin-Tits group of spherial type, with W dierent
from the dihedral group I2m. Then:
i) Γ1(BW )/Γ2(BW ) is isomorphi to Z or Z
2
.
ii) Γ2(BW ) = Γ3(BW ).
Proof. Considering BW equipped with the previous group presentation, it is easy
to alulate the Abelianisation. Using the same argument as in Proposition 4, one
dedues that if s and t are two generators of an Artin-Tits group of spherial type
BW then they are identied in BW/Γ3(BW ) if ms, t is odd. This argument allows us
to prove that BW/Γ3(BW ) is isomorphi to BW/Γ2(BW ) for almost all Artin-Tits
groups of spherial type, the only exeption being that of the one-relator group
BI2m = 〈a, b | (ab)
m = (ba)m〉 (for m > 1), sine the dening relation is of even
length.
Remarks 6 The Artin-Tits group BI2m = 〈a, b | (ab)
m = (ba)m〉 is residually nilpo-
tent if and only if m is a power of a prime number. Indeed, by taking c = ba, it
is readily seen that the group BW is isomorphi to the Baumslag-Solitar group of
type (m,m), BSm = 〈a, c | [a, cm] = 1〉, whih is known to be residually nilpotent
if m is a power of a prime number. Conversely, let G be a one-relator group with
non-trivial entre. Aording to [MC℄, G is residually nilpotent if and only if one
of the following holds:
i) G is Abelian.
5
ii) G is isomorphi to a Baumslag-Solitar group of type (r, r), with r a power of a
prime number.
iii) G is isomorphi to Gp,q = 〈m,n |mp = nq〉 where p and q are powers of the
same prime number.
Suppose that BI2m is residually nilpotent. The group BI2m is not Abelian for m > 1,
and it annot be isomorphi to a group Gp,q sine they have dierent Abelianisa-
tions. Therefore BI2m is isomorphi to a Baumslag-Solitar group of type (r, r) with
r a power of a prime number. But as we remarked, BI2m is also isomorphi to the
Baumslag-Solitar group of type (m,m), in whih ase m = r, by a result of Mol-
davanskii on isomorphisms of Baumslag-Solitar groups ([Mol℄). It thus follows that
BI2m is residually nilpotent if and only if m is a power of a prime number.
On the other hand, it is well known that pure braid groups are residually torsion-
free nilpotent [FR℄. Using the faithfulness of the Krammer-Digne representation,
Marin has shown reently that the pure Artin-Tits groups of spherial type are
residually torsion-free nilpotent [M℄.
The fat that a group is residually torsion-free nilpotent has several important
onsequenes, notably that the group is bi-orderable [MR℄. We reall that a group
G is said to be bi-orderable if there exists a strit total ordering < on its elements
whih is invariant under left and right multipliation, in other words, g < h implies
that gk < hk and kg < kh for all g, h, k ∈ G. We state one interesting property
of bi-orderable groups. A group G is said to have generalised torsion if there exist
g, h1, . . . , hk, (g 6= 1) suh that:
(h1gh
−1
1 )(h2gh
−1
2 ) · · · (hkgh
−1
k ) = 1 .
Proposition 7 ([KK℄) A bi-orderable group has no generalised torsion.
The braid group Bn is not bi-orderable for n ≥ 3 sine it has generalised torsion
(see [N℄ or [Ba℄). As we shall see in Setion 4, B2(T
2) is residually nilpotent, but is
not bi-orderable.
3 Lower entral series for surfae braid groups on
at least 3 strands
3.1 Surfaes without boundary
This setion is devoted to proving Theorem 1. Let Σg be a ompat, onneted ori-
entable surfae without boundary, of genus g > 0. We start by giving a presentation
of Bn(Σg).
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Theorem 8 ([B℄) Let n ∈ N. Then Bn(Σg) admits the following group presenta-
tion:
Generators: a1, b1, . . . , ag, bg, σ1, . . . , σn−1.
Relations:
σiσj = σjσi if |i− j| ≥ 2 (3)
σiσi+1σi = σi+1σiσi+1 for all 1 ≤ i ≤ n− 2 (4)
ciσj = σjci for all j ≥ 2, ci = ai or bi and i = 1, . . . , g (5)
ciσ1ciσ1 = σ1ciσ1ci for ci = ai or bi and i = 1, . . . , g (6)
aiσ1bi = σ1biσ1aiσ1 for i = 1, . . . , g (7)
ciσ
−1
1 cjσ1 = σ
−1
1 cjσ1ci for ci = ai or bi, cj = aj or bj and 1 ≤ j < i ≤ g (8)
g∏
i=1
[a−1i , bi] = σ1 · · ·σn−2σ
2
n−1σn−2 · · ·σ1. (9)
Proof. Let B˜n(Σg) be the group dened by the above presentation, and let Bn(Σg)
be the group given by the presentation of Theorem 1.2 of [B℄. Consider the homo-
morphism ϕ : Bn(Σg) −→ B˜n(Σg) dened on the generators of Bn(Σg) by ϕ(σj) = σj
(for j = 1, . . . , n − 1), ϕ(ai) = a
−1
i and ϕ(bi) = b
−1
i (for i = 1, . . . , g). It is an easy
exerise to hek that ϕ is an isomorphism.
Proof of Theorem 1.
(a) Consider the group Z2g ⊕ Z2 dened by the presentation 〈c1, . . . , c2g, σ | σ2 =
[ci, cj] = [ci, σ] = 1, for 1 ≤ i, j ≤ 2g 〉 and Bn(Σg) with the group presentation
given by Theorem 8. It is easy to hek that the homomorphism
ϕ : Γ1(Bn(Σg))/Γ2(Bn(Σg)) −→ Z2g ⊕ Z2
whih sends ak to c2k−1, bk to c2k and every σj to σ is indeed an isomorphism.
(b) Let us start by determining a group presentation for Bn(Σg)/Γ3(Bn(Σg)). Let
q be the anonial projetion of Bn(Σg) onto Bn(Σg)/Γ3(Bn(Σg)). As in the proof of
Proposition 4, the braid relations (4) imply that q(σ1) = · · · = q(σn−1); we denote
this element by σ. This implies that the projeted relations (3) are trivial. For
i = 1, . . . , g, let us also denote q(ai) by ai and q(bi) by bi. Sine n ≥ 3, we see
from relations (5) that σ is entral in Bn(Σg)/Γ3(Bn(Σg)) and hene the projeted
relations (6) beome trivial. From relations (8), for all 1 ≤ i, j ≤ g, i 6= j, one
may infer that [ai, bj ] = [ai, aj] = [bi, bj ] = [bi, aj ] = 1 in Bn(Σg)/Γ3(Bn(Σg)).
Relations (7) and (9) imply that [bi, ai] = σ
−2
for all = 1, . . . , g, and
∏g
i=1[a
−1
i , bi] =
σ2(n−1) respetively. Conjugating the latter equation by a1 · · ·ag yields
∏g
i=1[bi, ai] =
σ2(n−1) in Bn(Σg)/Γ3(Bn(Σg)) (reall that ai ommutes with aj and bj if i 6= j), and
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hene σ−2g =
∏g
i=1[bi, ai] = σ
2(n−1)
. Therefore, σ2(g+n−1) = 1 in Bn(Σg)/Γ3(Bn(Σg)).
Summing up, we have obtained the following information:
Bn(Σg)/Γ3(Bn(Σg)) is generated by a1, b1, . . . , ag, bg and σ
a1, b1, . . . , ag, bg and σ ommute pairwise exept for the pairs (ai, bi)i=1,...,g
[a1, b1] = · · · = [ag, bg] = σ
2; σ2(n+g−1) = 1.
 (10)
The remaining relations of Bn(Σg)/Γ3(Bn(Σg)) are those of the form [[x, y], z] = 1
for all x, y, z ∈ Bn(Σg)/Γ3(Bn(Σg)). We laim that suh relations are implied by
those of (10). To see this, reall that Γ2(Bn(Σg)/Γ3(Bn(Σg))) is the normal subgroup
of Bn(Σg)/Γ3(Bn(Σg)) generated by the nite set of ommutators [ai, aj ], [bi, bj ],
[ai, bj ], [ai, bi], [ai, σ] and [bi, σ], for 1 ≤ i 6= j ≤ g. But the relations of (10) imply
that these ommutators are all trivial, with the exeption of [ai, bi] for 1 ≤ i ≤ g,
whih is equal to σ2. Sine σ is entral in Bn(Σg)/Γ3(Bn(Σg)), we onlude that
Γ2(Bn(Σg)/Γ3(Bn(Σg))) = 〈σ2〉, and that [[x, y], z] = 1 as laimed. Hene (10) is a
group presentation for Bn(Σg)/Γ3(Bn(Σg)).
Now onsider the following exat sequene:
1 −→
Γ2(Bn(Σg))
Γ3(Bn(Σg))
−→
Bn(Σg)
Γ3(Bn(Σg))
p
−→
Bn(Σg)
Γ2(Bn(Σg)
−→ 1.
From the presentation of Bn(Σg)/Γ3(Bn(Σg)) given by (10), one sees that every ele-
ment x of Bn(Σg)/Γ3(Bn(Σg)) may be written in the form a
j1
1 b
k1
1 · · · a
jg
g b
kg
g σp. Sine
Bn(Σg)/Γ2(Bn(Σg)) is isomorphi to Z
2g ⊕ Z2, the fators being generated respe-
tively by p(a1), p(b1), . . . , p(ag), p(bg) and p(σ), if x ∈ Ker(p) then j1 = k1 = . . . =
jg = kg = 0 and p is even, so Ker(p) ⊆ 〈σ2〉. The onverse is learly true and so
Ker(p) = 〈σ2〉.
Let d denote the order of σ2 in Bn(Σg)/Γ3(Bn(Σg)). From (10), we have that
d divides n + g − 1. To omplete the proof of part (b) of Theorem 1, it sues to
show that n+ g − 1 divides d.
Let G be the group generated by elements a1, b1, . . . , ag, bg and σ, whose relations
are σ2(n+g−1) = 1, and the generators ommute pairwise exept for the pairs (ai, bi)
for i = 1, . . . , g. Then G = (⊕gi=1F2(ai, bi)) ⊕ Z2(n+g−1), where F2(ai, bi) denotes
the free group of rank 2 generated by ai and bi. Let N be the subgroup of G
normally generated by the elements [a1, b1]σ
−2, . . . , [ag, bg]σ
−2
, and let ρ denote the
anonial projetion G −→ G/N . Then G/N ∼= Bn(Σg)/Γ3(Bn(Σg)) by the group
presentation given in (10). The osets modulo N of the elements a1, b1, . . . , ag, bg
and σ of G may be identied respetively with the elements a1, b1, . . . , ag, bg and
σ of Bn(Σg)/Γ3(Bn(Σg)). Further, by applying the relations of G, any element
of N may be written in the form
∏g
i=1
(∏mi
k=1 uik [ai, bi]
εiku−1ik
)
σ−2(
∑g
i=1(
∑mi
k=1
εik))
,
where mi ∈ N for all i = 1, . . . , g, and for all k = 1, . . . , mi, uik ∈ F2(ai, bi) and
εik ∈ {1,−1}. Sine σ
2d = 1 in Bn(Σg)/Γ3(Bn(Σg)), and so inG/N , onsidered as an
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element of G, it follows that σ2d belongs to Ker(ρ). Hene for all i = 1, . . . , g, there
exists mi ∈ N, and for 1 ≤ k ≤ mi, there exist uik ∈ F2(ai, bi) and εik ∈ {1,−1}
suh that σ2d =
∏g
i=1
(∏mi
k=1 uik [ai, bi]
εiku−1ik
)
σ−2(
∑g
i=1(
∑mi
k=1
εik))
. Thus:
σ2(d+
∑g
i=1(
∑mi
k=1
εik)) =
g∏
i=1
(
mi∏
k=1
uik([ai, bi])
εiku−1ik
)
. (11)
From the struture of G, it follows that both the right- and left-hand sides are
equal to 1. Moreover, Γ2(G) = ⊕
g
i=1Γ2(F2(ai, bi)). Let 1 ≤ i ≤ g. Projeting the
right-hand side of equation (11), whih belongs to Γ2(G), into Γ2(F2(ai, bi)), and
then into Γ2(F2(ai, bi))/Γ3(F2(ai, bi)), we observe that [ai, bi]
∑mi
k=1
εik = 1. But this
quotient is an innite yli group [MKS℄, hene
∑mi
k=1 εik = 0 for i = 1, . . . , g and
therefore
∑g
i=1 (
∑mi
k=1 εik) = 0. Thus the left-hand side of equation (11) redues to
σ2d = 1 in G, and so n + g − 1 divides d. It follows that σ is of order 2(n + g − 1)
in Bn(Σg)/Γ3(Bn(Σg)) as laimed.
() Let H denote the normal losure in Bn(Σg) of the element σ1σ
−1
2 . Using the
Artin braid relations, one may hek that in Bn(Σg)/H , the σi are all identied to
a single element, σ, say, and then that equation (10) denes a group presentation
for Bn(Σg)/H . Thus Bn(Σg)/H ∼= Bn(Σg)/Γ3(Bn(Σg)) via an isomorphism ι. Now
Bn(Σg) ontains a opy of the usual Artin braid group Bn whih is generated by the
σi. From the Artin braid relations, it follows that Γ2(Bn) is the normal losure in
Bn of the elements σiσ
−1
i+1, 1 ≤ i ≤ n− 2. Moreover, sine σi+1σ
−1
i+2 = σ
−1
i σ
−1
i+1σ
−1
i+2 ·
σiσ
−1
i+1 · σi+2σi+1σi for all 1 ≤ i ≤ n − 3, we see that Γ2(Bn) is the normal losure
in Bn of just σ1σ
−1
2 , and thus NBn(Σg)(Γ2(Bn)) = H (if X is a subset of a group G,
then we denote its normal losure in G by NG(X)).
Sine Γ3(Bn) = Γ2(Bn) (by Proposition 4), we have Γ4(Bn(Σg)) ⊇ Γ4(Bn) =
Γ2(Bn). Taking normal losures in Bn(Σg), we dedue that H is a normal subgroup
of Γ4(Bn(Σg)), and hene we obtain the following ommutative diagram:
1 // Γ4(Bn(Σg))/H // Bn(Σg)/H
∼=
ι
**UU
U
U
U
U
U
U
U
U
U
U
U
U
U
U
U
// // Bn(Σg)/Γ4(Bn(Σg))


// 1
Bn(Σg)/Γ3(Bn(Σg)).
Sine ι is an isomorphism, so is the vertial arrow, and hene its kernel
Γ3(Bn(Σg))/Γ4(Bn(Σg)) is trivial. This proves the rst part of (). To prove the
seond part, we have just seen that the normal losure H of Γ2(Bn) in Bn(Σg), is
isomorphi to Γ3(Bn(Σg)) (they oinide in fat). Sine Γ2(Bn) is perfet for all
n ≥ 5 [GL℄, so are H and Γ3(Bn(Σg)).
(d) We rst remark that Γ3(Bn(Σg)) 6= {1}. For if Γ3(Bn(Σg)) were trivial, by (),
we would have Γ2(Bn(Σg)) ∼= Zn−1+g. But by [VB℄, Bn(Σg) is torsion free, whih
9
yields a ontradition. From this it follows that
⋂
i∈N Γi(Bn(Σg)) 6= {1}. This
ompletes the proof of the theorem.
Remark 9 Given a group G, the property that the ith term Γi(G) is perfet implies
that Γi(G) = Γi+1(G).
3.2 Surfaes with non-empty boundary
In this setion, we study the ase of orientable surfaes with boundary, and prove
Theorem 2. We identify Σg,0 with Σg. As in Theorem 8, from Theorem 1.1 of [B℄,
one obtains the following presentation of Bn(Σg,m).
Theorem 10 Let n ∈ N. Then Bn(Σg,m) admits the following group presenta-
tion:
Generators: a1, b1, . . . , ag, bg, z1, . . . zm−1, σ1, . . . , σn−1.
Relations:
Relations (3)  (8) of Theorem 8
ziσj = σjzi for all j ≥ 2 and i = 1, . . . , m− 1 (12)
ziσ1ziσ1 = σ1ziσ1zi for i = 1, . . . , m− 1 (13)
ziσ
−1
1 zjσ1 = σ
−1
1 zjσ1zi for 1 ≤ j < i ≤ m− 1 (14)
ciσ
−1
1 zjσ1 = σ
−1
1 zjσ1ci for ci = ai or bi, i = 1, . . . , g and j = 1, . . . , m− 1. (15)
Proof of Theorem 2. Statement (a) may be proved in the same way as (a) of Theo-
rem 1.
We now prove part (b). As in the proof of part (b) of Theorem 1, one may
hek that Γ2(Bn(Σg,m))/Γ3(Bn(Σg,m)) = 〈σ2〉, where for all i = 1, . . . , n − 1, σ is
the projetion of σi in Bn(Σg,m)/Γ3(Bn(Σg,m). It thus sues to show that σ
2
is of
innite order.
Instead of repeating the arguments used in Theorem 1, we propose a dierent
proof, based on geometri relations between surfae braid groups. Suppose that
σ2d = 1 for some d ∈ N. This is equivalent to saying that σ2di belongs to Γ3(Bn(Σg,m))
for all i = 1, . . . , n− 1.
Let 1 ≤ i ≤ m. To eah boundary omponent ∂i of Σg,m let us assoiate a
surfae Σgi,1 of positive genus gi. We hoose the gi so that h = g +
∑m
i=1 gi >
d − (n − 1). Let Σh denote the ompat, orientable surfae without boundary and
of genus h obtained by glueing ∂Σgi,1 to ∂i for all i = 1, . . . , m. The embedding of
Σg,m into Σh indues a natural homomorphism ϕ between Bn(Σg,m) and Bn(Σh),
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sending geometri generators of Bn(Σg,m) to the orresponding elements of Bn(Σh).
In partiular, ϕ(σi) = σi for all i = 1, . . . , n− 1.
Sine σ2di belongs to Γ3(Bn(Σg,m)), it follows that ϕ(σ
2d
i ) = σ
2d
i belongs to
Γ3(Bn(Σh)), and hene σ
2d = 1 in Γ2(Bn(Σh))/Γ3(Bn(Σh)) (reall that, by The-
orem 1, Γ2(Bn(Σh))/Γ3(Bn(Σh)) = 〈σ2〉 ∼= Zh+n−1). But this would imply that
h+ n− 1 ≤ d  a ontradition. This proves part (b).
Part () may be proved in the same way as () of Theorem 1; indeed, the quotient
Bn(Σg,m)/Γ3(Bn(Σg,m)) has a presentation similar to that of (10) (with the zi entral,
but without the last relation), and is isomorphi to Bn(Σg,m)/H , where H is the
normal losure of σ1σ
−1
2 in Bn(Σg,m), and thus is equal to the normal losure of
Γ2(Bn) in Bn(Σg,m). As in Theorem 1, one may show that H = Γ3(Bn(Σg,m) is
perfet for n ≥ 5.
Finally, to prove part (d), as in Theorem 1 it sues to prove that Γ3(Bn(Σg,m)) 6=
{1}. Suppose that Γ3(Bn(Σg,m)) = {1}. Then Γ2(Bn(Σg,m)) ∼= Z by (b), and sine
Bn(Σg,m) ⊃ Bn, it follows that Γ2(Bn) is yli; but sine n ≥ 3, this ontradits
the results of [GL℄.
4 Braid groups on 2 strands: properties and open
questions
The aim of this setion is to prove Theorem 3. Consider rst the group presentation
given by Theorem 8, and take n = 2 and g = 1. Setting α = aσ1, β = bσ1 and
γ = aσ1b, one obtains the following presentation of B2(T
2):
Theorem 11 ([BG℄) B2(T
2) is generated by α, β and γ, subjet to the relations:
α2 and β2 are entral
α2β2 = γ2.
Further, α2 and β2 generate the entre of B2(T
2).
Let p : B2(T
2) −→ B2(T2)/Z(B2(T2)) denote the anonial projetion. From this
presentation, it follows that B2(T
2)/Z(B2(T
2)) is generated by α = p(α), β = p(β)
and γ = p(γ), subjet to the relations α2 = β
2
= γ2 = 1. So B2(T
2)/Z(B2(T
2)),
whih we identify with Z2 ∗ Z2 ∗ Z2, is the Coxeter group W (α, β, γ) assoiated to
the free group F3(α, β, γ), and B2(T
2) is a entral extension of W (α, β, γ):
1 −→ Z(B2(T
2)) −→ B2(T
2)
p
−→ Z2 ∗ Z2 ∗ Z2 −→ 1.
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This presentation of B2(T
2) was onsidered in [BG℄, where the following length
funtions ℓα̂, ℓβ̂ were dened. If x ∈ {α, β, γ}, set:
ℓα̂(x) =
{
1 if x 6= α
0 if x = α,
and similarly for ℓ
β̂
. From Theorem 11, it follows that eah of ℓα̂ and ℓβ̂ extends to
a homomorphism of B2(T
2) onto Z.
The following observation will be used in the proof of Theorem 3.
Proposition 12 The intersetion of Γ2(B2(T
2)) and Z(B2(T
2)) is trivial.
Proof. Let x ∈ Z(B2(T
2)). By Theorem 11, there exist m,n ∈ Z suh that x =
a2mb2n, and thus ℓα̂(x) = 2n and ℓβ̂(x) = 2m. But x ∈ Γ2(B2(T
2)), so ℓα̂(x) =
ℓ
β̂
(x) = 0. We onlude that m = n = 0, and hene x = 1.
We are now able to prove Theorem 3.
Proof of Theorem 3. Set G = Z2 ∗ Z2 ∗ Z2.
(a) Suppose that x ∈
⋂
i∈N Γi(B2(T
2)). Then p(x) ∈
⋂
i∈N Γi(G), but sine G
is residually nilpotent [G℄, it follows that x ∈ Ker(p) = Z(B2(T2)). So x = 1 by
Proposition 12, and hene B2(T
2) is residually nilpotent.
(b) (i) Let us onsider the following ommutative diagram of short exat sequenes:
1 // Γ2(B2(T
2)) //
p2

B2(T
2)
p

// Bn(T
2)/Γ2(Bn(T
2))

// 1
1 // Γ2(G) // G // G/Γ2(G) // 1
The rst and third vertial arrows are those indued by p. More generally, for i ≥ 2,
let pi : Γi(B2(T
2)) −→ Γi(G) denote the epimorphism indued by p. But it follows
from Proposition 12 that p2 is also injetive, so is an isomorphism. Sine for i ≥ 3,
pi is the restrition of p2 to Γi(B2(T
2)), pi is an isomorphism too.
(ii) From (b)(i), it follows that Γi(B2(T
2))/Γi+1(B2(T
2)) ∼= Γi(G)/Γi+1(G), so it
sues to prove the result for G. We break the proof down into two parts as
follows:
(1). Reall that the elements α, β and γ are eah of order 2, and generate G.
We laim that every non-trivial element of Γi(G)/Γi+1(G) is of order 2. Sine
Γi(G)/Γi+1(G) is a nitely-generated Abelian group by [MKS℄, this will imply that
it is isomorphi to a nite number, Ri say, of opies of Z2. To prove the laim, reall
from [MKS℄ that Γi(G)/Γi+1(G) is generated by the osets modulo Γi+1(G) of the
i-fold simple ommutators [[· · · [[ρ1, ρ2], ρ3] · · · , ρi−1], ρi], where ρj ∈
{
α, β, γ
}
for all
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1 ≤ j ≤ i. We argue by indution on i ≥ 2. Firstly, let i = 2. Then Γ2(G)/Γ3(G)
is generated by the osets of the [ρ1, ρ2]. But modulo Γ3(G), [ρ1, ρ2]
2 ≡ [ρ21, ρ2] ≡ 1,
and sine Γ2(G)/Γ3(G) is Abelian, this implies that all of its non-trivial elements
are of order 2. Now suppose that i ≥ 3, and suppose by indution that the result
holds for i − 1, so that x2 ≡ 1 modulo Γi(G) for all x ∈ Γi−1(G). Every i-fold sim-
ple ommutator may be written in the form [x, ρi], where x is a (i − 1)-fold simple
ommutator, so belongs to Γi−1(G), and ρi ∈
{
α, β, γ
}
, so belongs to G. By the
indution hypothesis, x2 ∈ Γi(G), so [x, ρi]
2 ≡ [x2, ρi] ≡ 1 modulo Γi+1(G), and one
more, sine Γi(G)/Γi+1(G) is Abelian, all of its non-trivial elements are of order 2.
This proves the laim.
(2). The number Ri of summands of Z2 is given by Theorem 3.4 of [Ga℄. We refer
to Gaglione's notation in what follows. Sine U∞(x) = 0, the R
j
∞ are all zero (R
j
∞
represents the rank of the free Abelian fator of Γj(G)/Γj+1(G)), and so Ri is as
given in the statement of the theorem. It just remains to determine kαk for all
k ≥ 2. A simple alulation shows that 1− U(x) = (1 + x)2(1− 2x), hene:
d
dx
ln (1− U(x)) =
2
x+ 1
+
2
2x− 1
,
and that for k ≥ 2,
dk
dxk
ln (1− U(x)) = (−1)k+1(k − 1)!
(
2
(x+ 1)k
+
2k
(2x− 1)k
)
.
So
kαk = −
1
(k − 1)!
(
dk
dxk
ln (1− U(x))
)∣∣∣∣
x=0
= 2k + 2(−1)k,
as required.
() Given a group G, the quotient group Di(G)/Di+1(G) is torsion free and it is
isomorphi to Γi(G)/Γi+1(G) modulo torsion, for i ≥ 1 [P℄. Therefore, from part (b)
one dedues that D2(B2(T
2)) = D3(B2(T
2)). On the other hand one an easily
verify that B2(T
2)/Γ2(B2(T
2)) ∼= Z2 ⊕ Z2 and therefore B2(T2)/D2(B2(T2)) ∼= Z2.
Sine B2(T
2) is not Abelian, it follows that D2(B2(T
2)) is not trivial and then⋂
i∈NDi(B2(T
2) 6= {1}.
Remarks 13 From Theorem 3 one onludes that Γi(B2(Σ1,p)) 6= Γi+1(B2(Σ1,p)).
On the other hand, the group Γ2(B2(Σg,p)) is generated by the set of onjugates of
the ommutators of the form [g, g′], where g, g′ are generators of B2(Σg,p). There-
fore Γ2(B2(Σg,p)) ⊂ P2(Σg,p). Sine P2(Σg,p) is residually nilpotent for p ≥ 1 (see
Setion 5), one dedues that B2(Σg,p) is residually soluble for p ≥ 1. The question of
whether B2(Σ) is in fat residually nilpotent, when Σ is a surfae of positive genus
possibly with boundary dierent from the torus, is open.
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To nish this setion, we prove the following result:
Proposition 14 The group B2(T
2) is not bi-orderable.
Proof. Consider B2(T
2) with the group presentation in Theorem 11. Set g = αβγ−1.
The following equality holds in B2(T
2):
((αγ)−1g(αγ))(γ−1gγ)(α−1gα)(g) = 1 .
Sine g 6= 1, the group B2(T2) is not bi-orderable by Proposition 7.
Let Σ be an orientable surfae, possibly with boundary. If n ≥ 3, Bn(Σ) is
not bi-orderable sine it ontains a opy of Bn whih is not bi-orderable [Go℄. If
n = 1, the group B1(Σ) is isomorphi to π1(Σ) whih is known to be residually free.
Therefore it is also residually torsion-free nilpotent and hene bi-orderable.
Remark 15 If Σ is an orientable surfae, possibly with boundary, dierent from the
torus, the sphere and the dis, the question of whether B2(Σ) is in fat bi-orderable
is open.
5 Residual torsion free nilpotene of surfae pure
braid groups
In this setion we give a short survey on relations between surfae braids and map-
ping lasses, and we show that pure braid groups of surfaes with non-empty bound-
ary may be realised as subgroups of Torelli groups of surfaes with one boundary
omponent.
5.1 Surfae pure braid groups
We start by realling a group presentation for pure braid groups of surfaes with
one boundary omponent [B℄.
Theorem 16 Let Σg,1 be a ompat, onneted orientable surfae of genus g ≥ 1
with one boundary omponent. The group Pn(Σg,1) admits the following presenta-
tion:
Generators: {Ai,j | 1 ≤ i ≤ 2g + n− 1, 2g + 1 ≤ j ≤ 2g + n, i < j}.
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Relations:
(PR1) A−1i,jAr,sAi,j = Ar,s if (i < j < r < s) or (r + 1 < i < j < s),
or (i = r + 1 < j < s for even r < 2g or r > 2g) ;
(PR2) A−1i,jAj,sAi,j = Ai,sAj,sA
−1
i,s if (i < j < s) ;
(PR3) A−1i,jAi,sAi,j = Ai,sAj,sAi,sA
−1
j,sA
−1
i,s if (i < j < s) ;
(PR4) A−1i,jAr,sAi,j = Ai,sAj,sA
−1
i,sA
−1
j,sAr,sAj,sAi,sA
−1
j,sA
−1
i,s
if (i+ 1 < r < j < s) or
(i+ 1 = r < j < s for odd r < 2g or r > 2g) ;
(ER1) A−1r+1,jAr,sAr+1,j = Ar,sAr+1,sA
−1
j,sA
−1
r+1,s
if r odd and r < 2g ;
(ER2) A−1r−1,jAr,sAr−1,j = Ar−1,sAj,sA
−1
r−1,sAr,sAj,sAr−1,sA
−1
j,sA
−1
r−1,s
if r even and r < 2g .
As a representative of the generator Ai,j , we may take a geometri braid whose
only non-trivial (non-vertial) strand is the (j−2g)th one. In Figure 1, we illustrate
the projetion of suh braids on the surfae Σg,1 (see also Figure 8 of [B℄). Some
misprints in Relations (ER1) and (ER2) of Theorem 5.1 of [B℄ have been orreted.
Σg,1
A2g+2, 2g+n
n21
1 g
AA1,2g+1 2g, 2g+2
Figure 1: Projetion of representatives of the generators Ai,j. We represent Ai,j by
its only non-trivial strand.
With respet to the presentation of Bn(Σg) given in Theorem 8, the elements
Ai,j are the following braids:
• Ai,j = σj−2g · · ·σi+1−2gσ2i−2gσ
−1
i+1−2g · · ·σ
−1
j−2g, for i ≥ 2g;
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• A2i,j = σj−2g · · ·σ1ag−i+1σ
−1
1 · · ·σ
−1
j−2g, for 1 ≤ i ≤ g;
• A2i−1,j = σj−2g · · ·σ1bg−i+1σ
−1
1 · · ·σ
−1
j−2g, for 1 ≤ i ≤ g.
Relations (PR1), . . . , (PR4) orrespond to the lassial relations for the pure
braid group Pn [Bir℄. New relations arise when we onsider two generators A2i,j ,
A2i−1,k, for 1 ≤ i ≤ g and j 6= k. They orrespond to loops based at two dierent
points whih go around the same handle.
5.2 Mapping lass groups, bounding pair braids and pure
braids
The mapping lass group of a surfae Σg,p, denoted by Mg,p, is the group of isotopy
lasses of orientation-preserving self-homeomorphisms whih x the boundary om-
ponents pointwise. If the surfae has empty boundary then we shall just write Mg.
Note that we will denote the omposition in the mapping lass groups from left to
right
1
.
Let P = {x1, . . . , xn} be a set of n distint points in the interior of the surfae
Σg,p. The puntured mapping lass group of Σg relative to P is dened to be the
group of isotopy lasses of orientation-preserving self-homeomorphisms whih x the
boundary omponents pointwise, and whih x P setwise. This group, denoted by
M(n)g,p , does not depend on the hoie of P, but just on its ardinal. We dene
the pure puntured mapping lass group, denoted by PM(n)g,p , to be the subgroup of
(isotopy lasses of) homeomorphisms whih x the set P pointwise.
We note TC a Dehn twist along a simple losed urve C. Let C and D be two
simple losed urves bounding an annulus ontaining the single punture xj . We
shall say that the multitwist TCT
−1
D is a j-bounding pair braid.
Surfae braid groups are related to mapping lass groups as follows:
Theorem 17 (Birman [Bir℄) Let g ≥ 1 and p ≥ 0. Let ψ :M(n)g,p −→Mg,p be the
homomorphism indued by the map whih forgets the set P. If Σg,p is dierent from
the torus then Ker(ψ) is isomorphi to Bn(Σg,p).
Remark 18 In partiular, if Σ is an orientable surfae (possibly with boundary) of
positive genus and dierent from the torus, the surfae pure braid group Pn(Σ) may
be identied with the subgroup of M(n)g,p generated by bounding pair braids (see for
instane [Bir℄, where bounding pair braids are alled spin-maps).
1
We do this in order to have the same group-omposition in braid groups and mapping lass
groups.
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5.3 Torelli groups
We reall that the Torelli group Tg,1 is the subgroup of the mapping lass group
Mg,1 whih ats trivially on the rst homology group of the surfae Σg,1.
Before stating the main theorem of this setion, we reall the following exat
sequene:
1 −→ Zn −→Mg,n+p
q
−→ PM(n)g,p −→ 1 , (16)
where Zn is entral and generated by Dehn twists along the rst n boundary om-
ponents of Σg,n+p. Geometrially, the projetion q may be obtained by glueing
one-puntured diss D1, . . . ,Dn, say, onto the rst n boundary omponents. Note
that sequene 16 does not split, sine the rst homology group of Mg,n+p is trivial
when g is greater than 2. Nevertheless, as explained in Lemma 19, when the surfae
has boundary, we have a setion over the orresponding pure braid group.
Lemma 19 Let Σg,1 be a surfae of genus greater than or equal to one with one
boundary omponent. Then the group Pn(Σg,1) embeds in Tg+n,1.
Proof. Applying Theorem 17 and Remark 18, we identify Pn(Σg,1) with the subgroup
of PM(n)g,1 generated by bounding pair braids. Let us rst embed Pn(Σg,1) inMg,n+1.
To ahieve this, we onstrut a setion s on Pn(Σg,1) of the sequene (16). For eah
generator Ai,j of Pn(Σg,1), we dene s(Ai,j) as follows. Consider two simple losed
urves a and a′ lying in Σg,1 suh that Ai,j is equal to the boundary pair braids
TaT
−1
a′ . These two urves may be hosen so as to avoid the diss D1, . . . ,Dn, and
thus may be seen as lying in Σg,n+1. If dj is a simple losed urve parallel to the
jth-boundary omponent, we set s(Ai,j) = TaT
−1
a′ Tdj , whih we denote by A
′
i,j . Sine
the Dehn twists Td1 , . . . , Tdn belong to the kernel of q, one has q ◦ s = Id, and hene
s is injetive. We laim that s is a homomorphism. To prove this, we have to show
that relations (PR1-4) and (ER1-2) are satised in Mg,n+1 via s.
The four rst relations may be written in the form hAr,sh
−1 = Ar,s, where h is a
word in the Ai,j's. These relations are ompatible with s, sine for all simple losed
urves a in Σg,n+1, and all h in Mg,n+1, one has:
Th(a) = h
−1Tah. (17)
For example, relation (PR1) is ompatible with s beause the urves ourring
in A′i,j are disjoint from those ouring in A
′
r,s. For (PR2), the bounding pair
braid Aj,s (resp. Ai,j, Ai,s) is equal to TdjT
−1
cj,s
(resp. TaT
−1
a′ , TbT
−1
b′ for (a, a
′) ∈
{(ai, ai,j), (bi, bi,j), (di, ci,j)} and (b, b′) ∈ {(ai, ai,s), (bi, bi,s), (di, ci,s)}, where urves
are those desribed by Figure 2). Thus we have:
A′−1i,j A
′
j,sA
′
i,j = [T
−1
a Ta′T
−1
dj
]TdjT
−1
cj,s
Tds [TdjT
−1
a′ Ta]
= [T−1a Ta′ ]T
−1
cj,s
[T−1a′ Ta]TdjTds sine the Tdk
′s are entral
= T−1
TaT
−1
a′
(cj,s)
TdjTds by (17),
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jd ds
bi,j
ai,j
ei,j,s
cj,s j
d ds
ai
bi
Figure 2: urves for relations (PR2) and (ER2)
and similarly, A′i,sA
′
j,sA
′−1
i,s = T
−1
T−1
b
Tb′ (cj,s)
TdjTds . Now, it is easy to see that
TaT
−1
a′ (cj,s) = T
−1
a′ (cj,s) = T
−1
b Tb′(cj,s),
whih yields the required relation. The ompatibility of relations (PR3-4) with s
may be proved in the same way; we leave this as an exerise for the reader.
Relation (ER1) is a onsequene of the lantern relation and relation (17). Indeed,
if we onsider the seven urves bi, dj, ds, ei,j,s, bi,s, bj,s and cj,s shown in Figure 2
(where r = 2i− 1), the lantern relation may be written as:
Tei,j,sTbiTdjTds = Tbi,sTbi,jTcj,s,
whih implies that
A′r,s = TbiT
−1
bi,s
Tds = Tbi,jT
−1
ei,j,s
Tcj,sT
−1
dj
= Tbi,jT
−1
ei,j,s
TdsA
′−1
j,s .
Sine A′r+1,j = TaiT
−1
ai,j
Tdj , we obtain
A′−1r+1,jA
′
r,sA
′
r+1,j =
[
T−1dj Tai,jT
−1
ai
Tbi,jT
−1
ei,j,s
TdsTaiT
−1
ai,j
Tdj
][
A′−1r+1,jA
′−1
j,s A
′
r+1,j
]
=
[
Tai,jT
−1
ai
Tbi,jT
−1
ei,j,s
TaiT
−1
ai,j
]
Tds
[
A′r+1,sA
′−1
j,s A
′−1
r+1,s
]
by (PR2)
= TTaiT
−1
ai,j
(bi,j)
T−1
TaiT
−1
ai,j
(ei,j,s)
Tds
[
A′r+1,sA
′−1
j,s A
′−1
r+1,s
]
by (17).
But TaiT
−1
ai,j
(bi,j) = bi and TaiT
−1
ai,j
(ei,j,s) = bi,s, so
A′−1r+1,jA
′
r,sA
′
r+1,j = TbiT
−1
bi,s
Tds
[
A′r+1,sA
′−1
j,s A
′−1
r+1,s
]
= A′r,sA
′
r+1,sA
′−1
j,s A
′−1
r+1,s ,
whih is relation (ER1). Relation (ER2) is also a onsequene of a lantern: again,
we leave the details to the reader.
Hene s : Pn(Σg,1) −→ Mg,n+1 is an embedding. Glueing a one-holed torus
onto eah of the rst n boundary omponents of Σg,n+1, we obtain a homomorphism
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ϕ :Mg,n+1 −→Mg+n,1 whih is injetive (see [PR2℄). Clearly, the image under ϕ of
eah s(Ai,j) ats trivially on the homology group H1(Σg+n,1;Z). Thus ϕ◦s(Pn(Σg,1))
lies in the Torelli group of Σg+n,1.
Remark 20 This embedding of Pn(Σg,1) in Tg+n,1 does not hold for surfaes with
empty boundary. Indeed, the group Pn(Σg) has an extra relation (TR) (see Theorem
5.2 of [B℄) whih is not satised by the setion s; if L (resp. R) is the left-hand side
(resp. right-hand side) of this relation, one an hek using lantern relations that
we have s(L) = s(R)d
2(g−1)
k in Mg,n (k is the same index as in the relation (TR)
in Theorem 5.2 of [B℄). Nevertheless, it would be interesting to know whether the
sequene (16) splits over the pure braid group Pn(Σg).
Theorem 21 Let Σ be the torus, or a surfae of positive genus with non-empty
boundary. Then the group Pn(Σ) is residually torsion-free nilpotent.
Proof. Let Σg,1 be a surfae of genus greater than or equal to one, and with
one boundary omponent. First, we remark that Lemma 19 and the residually
torsion-free nilpotene of Torelli groups (see for instane setion 14 of [H℄) imply
that Pn(Σg,1) is residually torsion-free nilpotent. Now let Σg,p be a surfae with
p > 1 boundary omponents. The group Pn(Σg,p) may be realised as the subgroup
of Pn+p−1(Σg,1) formed by the braids whose rst p−1 strands are vertial. Therefore
Pn(Σg,p) is residually torsion-free nilpotent.
The remaining ase is that of the pure braid group on n strands of T2. From
Lemma 22, one dedues easily that Di(Pn(T
2)) = Di(Pn−1(Σ1,1)) for i > 1, and thus
the group Pn(T
2) is residually torsion-free nilpotent.
Lemma 22 The group Pn(T
2) is isomorphi to Pn−1(Σ1,1)× Z
2
.
Proof. Consider the pure braid group exat sequene for an orientable surfae Σ:
1 −→ Pn−1(Σ \ {x1}) −→ Pn(Σ)
θ
−→ π1(Σ) −→ 1,
where geometrially, θ is the map that forgets the paths pointed at x2, . . . , xn. Sine
ZPn(Σ1,1) is trivial [PR1℄, we dedue that the restrition of θ to ZPn(T
2) is injetive.
Sine ZPn(T
2) = Z2 [PR1℄, the restrition of θ to ZPn(T
2) is in fat an isomorphism,
and we onlude that Pn(T
2) is isomorphi to the diret produt Pn−1(Σ1,1)× Z2.
Remark 23 In the ase of the sphere, the group Pn(S
2) is isomorphi to Z2 ×
Pn−2(Σ0,3) (see [GG1℄). Therefore, for i > 1, Γi(Pn(S
2)) and Γi(Pn−2(Σ0,3)) are iso-
morphi. Sine Pn−2(Σ0,3) is a subgroup of Pn (whih may be realised geometrially
as the subgroup of braids whose last strand is vertial), from [FR℄ it follows that
Pn(S
2) is residually nilpotent, but it is not residually torsion-free nilpotent sine
Pn(S
2) has torsion elements.
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Remark 24 Pure braid groups of surfaes of genus g ≥ 2 with empty boundary are
bi-orderable ([Go℄). To the best of our knowledge, it is not known whether they are
residually torsion-free nilpotent.
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